Section 8.4

8.4 Elastic Perfectly Plastic Materials

Once yield occurs, a material will deform plastically. Predicting and modelling this
plastic deformation is the topic of this section. For the most part, in this section, the
material will be assumed to be perfectly plastic, that is, there is no work hardening.

8.4.1 Plastic Strain Increments

When examining the strains in a plastic material, it should be emphasised that one works
with increments in strain rather than a total accumulated strain. One reason for this is
that when a material is subjected to a certain stress state, the corresponding strain state
could be one of many. Similarly, the strain state could correspond to many different
stress states. Examples of this state of affairs are shown in Fig. 8.4.1.

Figure 8.4.1: stress-strain curve; (a) different strains at a certain stress, (b) different
stress at a certain strain

One cannot therefore make use of stress-strain relations in plastic regions (except in some
special cases), since there is no unique relationship between the current stress and the
current strain. However, one can relate the current stress to the current increment in
strain, and these are the “stress-strain” laws which are used in plasticity theory. The total
strain can be obtained by summing up, or integrating, the strain increments.

8.4.2 The Prandtl-Reuss Equations

An increment in strain de can be decomposed into an elastic part de® and a plastic part
deP. If the material is isotropic, it is reasonable to suppose that the principal plastic
strain increments dg,” are proportional to the principal deviatoric stresses S, :

p p p
da _dey 927 459 (8.4.1)
sl SZ S3

This relation only gives the ratios of the plastic strain increments to the deviatoric
stresses. To determine the precise relationship, one must specify the positive scalar dA4
(see later). Note that the plastic volume constancy is inherent in this relation:

def +de) +def =0.
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Eqns. 8.4.1 are in terms of the principal deviatoric stresses and principal plastic strain
increments. In terms of Cartesian coordinates, one has

del

p p p p p
XX dé‘yy — dgzz — dé‘xy — dgxz _ dgyl

S S s S s s

XX yy 2z Xy Xz yz

=dA (8.4.2)

or, succinctly,

P _
dey =504 (8.4.3)
These equations are often expressed in the alternative forms
dep —de), _ de), —de) _ def —de, _ de), —de), o —di (844
SXX—Syy Syy—SZZ Ow — Oy O, —0,
or, dividing by dt to get the rate equations,
s P L P s P s P
Eo —E En —E .
S Oy O Ty ) (8.4.5)
SXX—Syy Ow — Oy
In terms of actual stresses, one has, from 8.2.3,
dep =2di|o,, —%(O'yy + O'ZZ)
dg)?y = %dﬂ' ny _%(O-ZZ + O-xx
de) =2dilo, —%(Gxx +o, (8.4.6)

def =dio,,
dey, =dio,,
deb =dio,,

This plastic stress-strain law is known as a flow rule. Other flow rules will be considered
later on. Note that one cannot propose a flow rule which gives the plastic strain
increments as explicit functions of the stress, otherwise the yield criterion might not be
met (in particular, when there is strain hardening); one must include the to-be-determined
scalar plastic multiplier 4. The plastic multiplier is determined by ensuring the stress-
state lies on the yield surface during plastic flow.

The full elastic-plastic stress-strain relations are now, using Hooke’s law,

Solid Mechanics Part I 281 Kelly



Section 8.4

de, = é[do*XX —v(dayy +do,, )]Jr%d/i_axx —%(O'W +0, )—
dgyy = é[dayy —V(dGXX +do,, )]+§d/1 o, —%(GZZ + O'XX)
de,, = é[dazz —v(dO'XX + dO'yy )]+§d/1_0'zz —%(O‘XX + O'yy) (8.4.7)

1+v

dgxy = ?do-xy + dﬂ,O'xy

1+v

de, = ?dayz +dio,,

de, = Vdo +dic,
E
or
1+v v
deij = ?daij _E5ijd0'kk +d/13ij

These expressions are called the Prandtl-Reuss equations. If the first, elastic, terms are
neglected, they are known as the Lévy-Mises equations.

8.4.3 Application: Plane Strain Compression of a Block

Consider the plane strain compression of a thick block, Fig. 8.4.2. The block is subjected
to an increasing pressure o,, =—p, is constrained in the z direction, so ¢,, =0, and is

free to move in the y direction, so o, =0.

\ YA

\ Rigid Walls

Figure 8.4.2: Plane strain compression of a thick block

The solution to the elastic problem is obtained from 8.4.7 (disregarding the plastic terms).
One finds that { A Problem 1}

O =P, 0, =W, &y :__(l_vz)ﬂ €y =+EV(1+V) (848)
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and all other stress and strain components are zero. In this elastic phase, the principal
stresses are clearly

o,=0,=0>0,=0, >0,=0, (8.4.9)

The Prandtl-Reuss equations are

dgxx = i[do-xx _Vdo-zz]—i_gd/l O _lo-zz:|
E 3 2

dgyy :_%(do-xx +do—zz)_%dﬂ'(6xx +O—zz) (8410)

de,, =i[dc)'ZZ —vd(fxx]+gd/1 —laxx +0'ZZ}
E 3 1 2

The magnitude of the plastic straining is determined by the multiplier dA4. This can be
evaluated by noting that plastic deformation proceeds so long as the stress state remains
on the yield surface, the so-called consistency condition. By definition, a perfectly
plastic material is one whose yield surface remains unchanged during deformation.

A Tresca Material

Take now the Tresca yield criterion, which states that yield occurs when o, =—Y , where

Y is the uniaxial yield stress (in compression). Assume further perfect plasticity, so that
o, =—Y holds during all subsequent plastic flow. Thus, with do,, =0, and since

de, =0, 8.4.10 reduce to

de, = ——do,, —gdz[v +lazz}
E 3 2

de :—%dozz +%d/1(Y—0'ZZ) (8.4.11)

yy
1

0=—do, +Edﬂ,[lY +GZZ:|
E 3 2

Thus
di=—> 9% (8.4.12)
E20,+Y
and, eliminating d4 from Eqns. 8.4.11 { AProblem 2},
1 1 o,
Edgxx :_Vdo-zz +Y —Y/2do-zz +5—Y/2d0'zz
e *1 17 ; (8.4.13)
Bd¢,, =-wWdo, -————F——do, + - ———do,
20,+Y/2 20,+Y/2

Using the relation
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J' X_dx=x-aln(x+a) (8.4.14)
X+a

and the initial (yield point) conditions, i.e. Eqns. 8.4.8 with p =Y , one can integrate
8.4.13 to get { AProblem 2}

- (o2
R W EE 720 TR A T
Y 4 \1+20,/Y ) 2 Y 2 o,
§ , <-v  (84.15)
E 3 1-2v 1 o, 3 Y
— &y =+—In ——— +—(1—2V)—+—v
Y 4 1+20,/Y ) 2 Y

The stress-strain curves are shown in Fig. 8.4.3 below for v = 0.3. Note that, for a typical

metal, E/Y ~10°, and so the strains are very small right through the plastic compression;
the plastic strains are of comparable size to the elastic strains. There is a rapid change of
stress and then little change once o,, has approached close to its limiting value of —Y /2.

The above plastic analysis was based on o,, remaining the minimum principal stress.
This assumption has proved to be valid, since o,, remains between 0 and —Y in the
plastic region.

—v
%z s -0.4 -0.3 -0.2 -0.1
Yy TR0
"""" 1os é—v(l+v)
-~ elastic -
L, < -(-v?)
—& -
yy
115 E
—¢
8XX 2
125

Figure 8.4.3: Stress-strain results for plane strain compression of a thick block for
v=03

A Von Mises Material

Slightly different results are obtained with the Von Mises yield criterion, Eqn. 8.4.11,
which for this problem reads
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o, —-0,0,+0., =Y (8.4.16)

XX 7z

The Prandtl-Reuss equations can be solved by making the substitution

O = —ﬁcose (8.4.17)
V3
in the plastic region. In what follows, use is made of the trigonometric relations
sin(Z - 0) = lcos9 —ﬁsiné’
6 2 2 (8.4.18)

cos| £ -0 £0059+lsin9
6 2 2
From Eqn. 8.4.16,
o, = —ﬁsin(f - 6) (8.4.19)
J3 o \6

Substituting into 8.4.10 then leads to

E 2 T 1 T
—deg,, =—=<|sin@—-vcos] —— 0 ||d0 ——=EdAcos| — -0
Y ¥ 3 { £6 H V3 (6 j}

gdgyy _ % - v(sin 0+ cos(% - QDde —% Ed){— cos 6 — sin(% - HD} (8.4.20)
E 2 Vs 1

—deg,, =—=1|cos| ——@ |-vsin@ |[dd+—=EdAsind

e, = gyl eo{ 0] vamo oo }

Using de,, =0 leads to

\/5 COS[Z - 6’) —vsin@

di=- . do (8.4.21)
E sind
and
E de,, = 2 (1- 21/)cos(Z - 6’) + 3 cosecd :dd (8.4.22)
Y 3 6 4
An integration gives
ngx = —i(1—2v)sin(£—9j+£ln tang +C (8.4.23)
Y 3 6 2 2
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To determine the constant of integration, consider again the conditions at first yield.
Suppose the block first yields when &, reaches o,. Then o) =vo) and

ot e Y (8.4.24)

XX P
Vl—-v+v

Note that in this case it is predicted that first yield occurs when o,, <—Y . From Eqn.
8.4.17, the value of @ at first yield is

J3

1-2v

cos@’ =————— or tanf’ = (8.4.25)
2Vl —v+v? 3
Thus, with &, = o (1-v?)/E at yield,
Y
C=—l-v+v? —glntemT (8.4.26)

and so

0
tan —cot —

—Eg =i(l—2v)sin(£—9]+£ln
Y 6 2

Y
" 0 +Nl-v+v?  (8.4.27)
V3 2

This leads to a similar stress-strain curve as for the Tresca criterion, only now the limiting
value of o,, 1s =Y /3 ~—0.58Y .

8.4.4 Application: Combined Tension/Torsion of a thin walled
tube

Consider now the combined tension/torsion of a thin-walled tube as in the
Taylor/Quinney tests. The only stresses in the tube are o,, = o due to the tension along

the axial direction and o,, =7 due to the torsion. The Prandtl-Reuss equations reduce to

de, = Ldo, +2dio,
E 3

de,, =ds, = —%daxx —%dxlaxx (8.4.28)

1+v

de,, = £ do, +dioc,,

Consider the case where the tube is twisted up to the yield point. Torsion is then halted
and tension is applied, holding the angle of twist constant. In that case, during the
tension, de,, =0 and so { A Problem 3}
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=—do-————o0 (8.4.29)

If one takes the Von Mises criterion, then o> +37> =Y ? (see Eqn. 8.3.17). Assuming
perfect plasticity, one has { A Problem 4},

2
de,, = L do+ 21TV 0749 (8.4.30)
E 3 E Y -0
Using the relation
2
[ 2dx=—x+iln(a+xj, (8431)
a’ —x 2 \a-xX
an integration leads to { A Problem 5}
LR (W LAy v)h{l i J/Yj (8.4.32)
Y 3 Y l1-o/Y

This result is plotted in Fig. 8.4.4. Note that, with o> +37> =Y ?, as o increases
(rapidly) to its limiting value Y , 7 decreases from its yield value of Y / V3 to zero.

0 0.2 0.4 0.6 0.8 1y

Figure 8.4.4: Stress-strain results for combined tension/torsion of a thin walled tube
for v=03

8.45 The Tresca Flow Rule

The flow rule used in the preceding applications was the Prandtl-Reuss rule 8.4.7. Many
other flow rules have been proposed. For example, the Tresca flow rule is simply (for
o, >0, >0,)
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de =+dA
def =0 (8.4.33)
def =-dA

This flow rule will be used in the next section, which details the classic solution for the
plastic deformation and failure of a thick cylinder under internal pressure.

A unifying theory of flow rules will be presented in a later section, in which the reason
for the name “Treca flow rule” will become clear.

8.4.6 Problems

1. Derive the elastic strains for the plane strain compression of a thick block, Eqns.
8.4.8.

2. Derive Eqns. 8.4.13 and 8.4.15

3. Derive Eqn. 8.4.29

4. Use Eqn. 8.3.17 to show that odz /7 = —O'sz/(Y 2 - 02) and hence derive Eqn.
8.4.30

5. Derive Eqns. 8.4.32

6. Does the axial stress-stress curve of Fig. 8.4.4 differ when the Tresca criterion is
used?

7. Consider the uniaxial straining of a perfectly plastic isotropic Von Mises metallic
block. There is only one non-zero strain, ¢,,. One only need consider two stresses,

o

w0y, Since o, = o, by isotropy.
(i)  Write down the two relevant Prandtl-Reuss equations
(i) Evaluate the stresses and strains at first yield

(iii) For plastic flow, show that do,, = do, and that the plastic modulus is
do E

XX

de, 3(1-2v)

8. Consider the combined tension-torsion of a thin-walled cylindrical tube. The tube is
made of a perfectly plastic Von Mises metal and Y is the uniaxial yield strength in
tension. The only stresses are o,, = o and o,, =7 and the Prandtl-Reuss equations

reduce to
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de, = ldO'XX + gdxltrxX
E 3

de,, =de, =L do, —~dio,,
E 3

1+v

de,, = E do,, +dio,,

The axial strain is increased from zero until yielding occurs (with &,, =0). From first

yield, the axial strain is held constant and the shear strain is increased up to its final
value of (1+v)Y /+3E

(i) Write down the yield criterion in terms of ¢ and 7 only and sketch the yield
locus in o — 7 space

(i1) Evaluate the stresses and strains at first yield

(iii)Evaluate dA in terms of o, do

(iv)Relate o, do to 7, dz and hence derive a differential equation for shear strain in

terms of 7 only
(v) Solve the differential equation and evaluate any constant of integration

(vi)Evaluate the shear stress when &,, reaches its final value of (1+v)Y /\3E.

Taking v=1/2, put in the form 7 = oY with « to 3 d.p.
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